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Introduction 

Let H be a separable Hilbert space with inner product (., .) and norm || ■ || = a/(., .), 
and let A be a bounded or unbounded self-adjoint operator in this space with a 
domain D(A). A vector / £ C°°(A) = H^Li -D(^4 n ) is said to be a cyclic vector for 
A if the closure C of the span of the vectors /, Af, A 2 f, . . . coincides with the space 
H, i.e. the system {/, Af, A 2 f, . . . } is complete in the space H ([I], [TT]). 

The problem of finding conditions for a vector to be a cyclic vector for the given 
operator is a hard problem, but for some concrete operators even the criteria for a 
vector to be a cyclic vector are found (see survey paper [9]). 

In the present paper we obtain a criterion and sufficient conditions for a vector to 
be a cyclic vector for a class of self-adjoint operators, more precisely for self-adjoint 
operators A satisfying the following condition: 

a) the spectrum of the operator A consists of simple eigenvalues Xf Xj < Xj + \, 
j = 0,±l,±2,.... 

Then the system of eigenvectors {ej} ( £L_ 00 of the operator A (Aej = Xjej) forms 
an orthonormal basis in the space H . 

Note that for self-adjoint operators the simplicity of the spectrum and the exis- 
tence of at least one cyclic vector are equivalent (see, e.g., pQ). 

In order to formulate the main results of this paper we introduce the following 
notation: 

n d 

P2n+l{X) = Y\ (A — Af), P2n+l(X) = — P2 n +l(X); 
i=—n 

E 2n +i is a unit matrix in Euclidean space C2 n +i] 

K 2n +i is a square matrix of order (2n + 1) with elements 

,>) _ 1 1 P2 2 n+ i(K)\(f,e s )\\ 

ij (/, *)(/, e s ) iWA*)iWA;) ,~ (A. - A,)(A, - A,) ' 



. (n) i (n) • • ,1 

k-j =k)i , h3 = -n,-n + l, ...,n; 
(., .) is the inner product in Euclidean space C2 n +i; 

e 2n+i i s the (2n + 1) -dimensional column vector with components 5ik, % = —n, —n + 
1, . . . , n, \k\ < n. Here 5ik is the Kronecker delta. 

Theorem 1. Let the self- adjoint operator A satisfy the property a). In order that 
f £ C°°(A) be a cyclic vector for the operator A it is necessary and sufficient that 

l 
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for each integer k the following conditions hold: 
1°. (f,e k )^0; 

2°. lim ((E 2n+1 + K 2n+x )- l e^ +1 , e£Vi) = 1- 

Theorem 2. Let the self-adjoint operator A satisfy the property a), and for each 
integer k let f G C°°(A) satisfy the conditions 



1°. (/,e fc )^0; 
2°. lim -r- ' 



2n+ll A fc; | s | >r 



P 2 2 n + i(A s )|(/,e,)| 2 = () 



(A, - A fc ) 2 



Then the vector f is a cyclic vector for the operator A. 

Applying Theorem 2, we prove the following theorem. 

Theorem 3. Let there exists C > such that for all integers k the Fourier coeffi- 
cients of the lis -periodic function f(x) satisfy the conditions 



< 



f{x)e~ ikx dx 



<Ce-W. 



where 5 > (6c 2 , + 2)/3 Cq, Co is the positive solution of the equation c 2 — e 1//c . Then 
the system of successive derivatives of the function f(x), i.e. the system of functions 

f(x),f'(x),f"(x),... 

forms a complete system in the space L 2 (— tv,tt). 

(Note that c = 1.328 . . . , (6c 2 + 2)/3cj* = 1.79 . . . ) 

Example 1. For the Fourier coefficients of the function f(x) = e acosx (a ^ 0) we 
have (see, e.g., PH Ch. 2, §10]) 



f(x)e~ ikx dx = 2 i < 

-7T 

It follows that 



k 

" r " s ' r cos/,'.rr/.r : 2 



\a/2\ 



2m 



2) ^— ' m\(m + A;)! 

m=0 v ' 



< 



f{x)e- ikx dx 



< 2vr 



kV 



Therefore the conditions of Theorem 3 hold and hence the system of functions 



is complete in the space L 2 (— 7r,7r). 

Systems of derivatives of an analytic function were considered as complete systems 
in spaces of analytic functions in [3J, [I], [3], [S] etc. 
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Proof of Theorem 1 

Let / G C co (A) and assume that condition 1° of Theorem 1 holds. We denote by 
L2n+i{f) the span of the vectors /, Af, . . . , A 2n f. Then the distance from the vector 
e k to the subspace L 2n +i(/) is expressed as ([U p. 20]) 



p(e k , L 2n+1 (f)) 



! T(e k ,f,Af,...,A 2 "f) 



r(J, Af, A 2n f) ' 

where F(gi, g 2 , . . . , g m ) is the Gram determinant of the vectors g\, g 2 , . . . , g r< 



F(gi,92, ■■■,9r, 



det 



({g\,gx) (91,92) ••• (gu9m)\ 

(92,9l) (92,92) ••• (92,9m) 
\(9 m, 9l) \9m, 92) ■■■ (9m, 9m)) 



It is easy to show that 

p 2 (e k , L 2n+1 (f)) = 1 - (A 2 ^ +1 ,bS +1 ), 



where A 2n+ i is the Gram matrix and bi k J^ is the vector from C 



2n+l 



-2n+l- 



A 



( (f,f) (f,Af) 
(Af, f) (Af, Af) 



2n+l 



(f,A 2n f) \ 
(Af,A 2n f) 



b (k) 



\{A^f,f) (A 2n f,Af) ... (A 2n f,A 2n f)J 



( 1 \ 



(1) 



Indeed, if we denote = (0, 0, ... , 0) T G C 2n +i, then 



(2) 



p 2 (e k ,L 2n+1 (f)) = det 



0* 



A 



2n+l 



-1 



det 



1 b {kY 
h {k) A 

°2n+l /i 2n+l / 

b (k)* 
u 2n+l 



4-1 u(k) 771 



1 - I A' 1 /) (fc) h {k) \ 
1 \ A 2n+l u 2n+li u 2n+l/ 



Using the eigenvector expansion for the self-adjoint operator A 1 



A l f= A '(/' e *) e - * = 0,1,2,..., 



it is easy to check that 



A 2n +i — B 2n+ ijB. 



2n+l,j, 



(3) 



J = -0O 
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where B* denotes the adjoint matrix of B and the matrices B s j (s = In + 1) have 
the form 



B s,j 



( (/> e sj-n) (/) e sj— n+l) • • • (/; Csj+n) ^ 

ksj—n\fi&sj—n) ^sj— n+l \fj ^sj~ n+l) • • • ^sj ~n\f; ('sj f rt) 



(4) 



V-^sj-n(i ~i e sj-n) -^sj-n+l(/' e sj-n+l) ••• ^Jj+nU i e sj+n) / 

In the sequel is a fixed integer and n is a natural number such that |fc| < n. We 

P ut c 2n+l = ^2n\-l4n++ Then ^2n+l4n+l = 4n+l alld according to © 

+oo 

ER R* - /,(*) 

-D2n+lJ-C>2n+l,j c 2n+l — w 2n+l) 

3=—oo 

or 

R R* _L R R* ^ fe ) — // fe ) 

- D 2n+l,0- D 2n+l,0 c 2n+l ~T~ / - D 2n+l,j- D 2n+l j' L 2n+l — w 2n+l" 

lil>o 

If we put c^+i = #2n+i j0 4t+i we obtain 

C 2n+1 + ii 2n+lC 2n+ i — - D 2n+l,0°2n+l ' I / 

where the self-adjoint matrix Kzn+x has the form 

-^2n+l = B 2n+l,0 B 2n+l,j B 2n+l,j B 2n+l,0- (6) 

lil>o 

According to © and @ 

R-l & (fe) _ (A) 
- D 2n+l,0 u 2n+l — e 2n+l> 

where e^t+i is the column vector from C 2n +i with components 5^, i = —n, —n + 
1, . . . , n. Therefore the equation (j3J) can be written in the form 

c 2n+l ' xv 2n+l t -2n+l ~~ e 2n+l' 

From here, we have 

^~{k) _ I T-l , it- \— 1 (fc) 

C 2n+1 — l^n+l + -f^2n+lj e 2n+l" 

Now we can express the right-hand side of the formula in terms of the matrix 
K 2n+ i and the vector e^ +1 : 

p 2 (ek,L 2 n+l{f )) = 1 - (^2n+l4n+l5 4n+l) = 1 _ ( C 2n+1) 4n+l) 

— 1 \- D 2n+l,0 c 2n+l' "2n+l/ — 1 \ c 2n+U - D 2n+l,0 u 2n+l / 

= 1 — ((i? 2n+1 + i^2n+l) 1 e 2n+U e 2n+l)- 

So we obtain the following main formula which will play an important role in the 
sequel: 

p 2 {e k , L 2n+1 (f)) = 1 - ({E 2n +1 + ^2n+l) _1 e£+l, 4n+l)- ( 7 ) 
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We express the elements of the matrix K% n+ i in terms of the eigenvalues Xj and 
the Fourier coefficients (/, Cj) of the element /. First we consider the matrix 
B^n+i o-^2n+ij- Using the form (j4j) for the matrix B s j we can write 



D— 1 
- D 2n+1,0 



/ (/,e_ n ) (/,e_„+i) 
A- n (/, e_ n ) A_ n+ i(/, e_ n+ i) . 



(/,en) V 1 
A n (/, e n ) 



\A 2 _" n (/,e_ n ) A 2 " +1 (,f, e_ n+1 ) ... Af(/,e n )7 

^ B—n,—n B— n+l,— n 
I B-n-n+l -B-n+l,-n+l 

\ B— nn B— n+l,n 



det -B 2 n+1,0 



B n ,—n 
B n - n +l 

B n ^ n J 



where det-B 2 n+i,o = n? = _ n (/, e j )W / (A_ n , ... ,A n ), W(A_ n , . . . , A n ) is the Vander- 
monde determinant 



W(X_ n ,...,X n ) 



( 1 1 ... 1 \ 

A-n A_ n+ i ... A n 

i \2n \2n \2n ; 



and Bij are the algebraic complements of the elements of the matrix B^n+ifi- There- 
fore 



B 2 n+ifiB: 



2n+l,j T-rn 



n; = _ n (/,e,)^(A_ n ,...,A n ) 



/ n 



X 



Y B s _ n X s ^ +l)j _ n (f,e (2n +i)j- 



Y B s ^ n X^ n+1 ^-_ n (f ,e(2n+l)j-n) 
\ s=—n 



Y B s -nA( 2n n +1)i+n (/, e( 2 „+i)j+„) 



S ^s,nA( 2 4 n+1 ^ +n (/, e( 2ra +l)j+n) ( 
s=— n / 



Since 



B s ,ifi s+n (f, e) = J] (/, e s ) (/, e) W(A_ n , ...,//,..., A n ) 



s — — n 



where JV(A_ n , . . . . . . , A n ) denotes the Vandermonde determinant which is ob- 
tained from ([H]) by replacing its z-th column by the vector (l,yU,/i 2 , . . . ,/i 2n ) T , we 
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have 

B Sti fi s+n (f, e) n"=-» (/. e *)(f' e)W(\- n , ...,n,...,Xn) 
detS 2n+li0 = n;=-„(MWA_ n ,...,A n ) 

(/) e ) (/^ ~ ^-n) ■ ■ ■ (P ~ ~ Af) ■ ■ ■ (A n ~ /^) 

(/; e «) (^j — A_ n ) ■ ■ ■ (Aj — Aj_i)(Aj + i — Aj) . . . (A n — Aj) 

(/,e) P 2 n + l(^) 1 



(/, ei) P 2n+1 (Xi) n - Aj 



n, — n + 1, 



where P 2n+ i(Ai) = nr=-n(/ i — ^ s the polynomial of degree (2n + l) and P 2n+ i(/i) 
^P 2 n+i (/■«)• Therefore 

^an+l.O^n+lj 

) (/ )-P2n + l(A( 2n + l)j + n) \ 

(/ie-n)-P2n + l(A_„)(A( 2 „ + i)j„ n -A_ n ) (/,e_ n )P 2 n+l (A-„ ) ( A (2n + 1) j + n ~ ) 

(/. e (2n + l)j-n)-P2n+l(^(2 +n) 

V (/> e n)-P2n + l(A rl )(A (2n + i)j_„-An) (/,e„ )-p2n + l ( An ) ( A( 2n +1) j + n ~ ) / 

Then from ([6]) we have the following expression for the elements k[j of the matrix 

-^2n+l : 

k in) _ 1 1 Pf ra+1 (A 5 )|(/,e,)| 2 

4J ~ (/, *)(/, Ci ) Psn+i^iWA,) ^ (A. - A,) (A. - A,) ' 



r m) 1 (711 • ■ .-I 

k lj = k )ii i,j = -n,-n + l,...,n. 

Now, if all the conditions of Theorem 1 hold, then it follows from that 
Hindoo p(efc, L 2n +i(/)) = for any fixed integer k, i.e. all eigenvectors eu of the 
operator A belong to the closure C of the span of the vectors /, Af, A 2 f,.... 

Indeed, according to the definition of the limit, for any e > 0, we can find n £ such 
that 

a = inf \\e k - Vc^/H < e. 

Ci — ' 

i=0 

By the definition of the infimum, we also have that there are cf such that 

||e fc - 5^^/11 <a + e<2e. 

Since {e^} forms an orthonormal basis in the Hilbert space H and G C, we have 
C = H. 

The necessity of conditions 1° and 2° for the equality £ = H is obvious. □ 
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Proof of Theorem 2 
It is sufficient to prove the inequality (\k\ < n) 

2/ t ! f\\ ^ 1 1 -^2 2 n+l(^s)K/' es )| 2 /m\ 

MebM/)) -MP'5A)£ (A. -A.). ' (10) 

We use the following easy fact (see, e.g., [7]): if M is a positive definite Hermitian 
square matrix of order m x m, (., .) m is the inner product in Euclidean space C m 
and e G C m , ||e|| m = 1, then the following inequality holds: 

(M-'e, e) m ■ (Me, e) m > 1. (11) 
If we put M = E 2n+ i + K 2n+ i, m — 2n + 1, e = e^ +1 from (ITTj) we obtain 

((#2n+l +-^2n+l) _1 4n+H e 2n+l> > , (fc) (k^~- 

J- + \-f 1 2n+ie 2ri , + i, e 2n+ i/ 

Then from (JTj) we have 

,(*) _(*) 

i+l; e 2n- 
,(*) „(*) 



/ w V s ; \ 

2/ r / ^ \- fi 2n+ie2 n+ i, e 2n+1 ; , . 

p (e fc ,L 2n+1 (/)) < — m fa—. (12) 



1+ (!Wl4n+l,4n+l) 

On the other hand, according to @ 

Jk) \ _ l.W _ 1 1 P 2 2 n+i( A s)|(/,e,)| 2 

(* 2 «+ie 2 „ +1) e 2n+1 ) - k kk - l{LekW ■ p2 ^ k) ^ {K _ . (13) 

Relations (fT2l) and ( fTBl imply inequality ( fTUl) . □ 

Remark 1. In the proof of (|T0l) . we assumed that all Fourier coefficients (/, e s ) 
of the vector / differ from zero. Now consider the case when some of the Fourier 
coefficients are equal to zero. Denote by (/, e m J, s = 0, ±1, ±2, . . . all nonzero 
Fourier coefficients. Then eigenvector expansion formula for the vector / has the 
form 



A'f= X i(f^i)ei, £ = 0,1,2,..., whereA s = A 



m s i '"S ^m s 



Repeating the arguments used in the proofs of Theorems 1 and 2 we obtain the 
following analogue of inequality ffTUj) (\k\ < n): 

2 ( ~ j mw 1 1 \- P| n+1 (A s )|(/,e,)| 2 

pMf))< __.^_^ _____ , 

where 

n 

p 2 n+i(A)= n( A -^)- 
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Remark 2. In the proof of Theorem 2 we actually obtained the following estimate: 

p 2 (e k ,L 2n+1 (f))< 



1 + 4?' 

It can be shown that a more accurate estimate holds: 

2 

„(«)|2 



El* 



p 2 (e k ,L 2n+1 (f)) < 



ft fcfc / I 



1 + t l4 n) l 2 + EE 4?^4 n) (i + fcff) 2 

1=1 7=1 i=l V / 



i= 1 J— 1 i — 1 

i ^ k j^k i^k 



Proof of Theorem 3 



Consider the operator A generated by the differential expression id/dx in the 
space L 2 (— vr, tt): 

a - d y 

dx 

D(A) = {ye L 2 (-7i,n)\y G ^(-tt, tt), y(— tt) = y(7r),y' G L 2 (-7T,7r)}. 

It is known (see, e.g., pQ) that A is a self-adjoint operator in the Hilbert space 
H = L 2 (— 7r, 7r), Afe = (fc = 0, ±1, ±2, . . . ) are the eigenvalues and e k = -j^e~ %kx 



are the eigenfunctions of the operator A. So the operator A satisfies the property a). 
Let the function f(x) satisfy the conditions of Theorem 3. Let us show that all the 
conditions of Theorem 2 are satisfied. From the estimate for the Fourier coefficients 
we obtain that f(x) is an analytic function on the segment [— tt, tt] (see, e.g., [21 
p. 90]) and since this function is 27r-periodic we have /( m )(— n) = /^(n), m = 
0, 1, 2, ... , i.e. / G C°°(A). Now it is sufficient to prove the fulfilment of condition 2° 
of Theorem 2. 

Since P 2n+1 (A) = JX-JA - K) = Ut- n ^ ~ = MA 2 - l 2 ) . . . (A 2 - n 2 ), then 
using the inequality 1 — x 2 < e~ x , < x < 1 for s>tiwe obtain 



l (\ s ) = s(s 2 -l 2 )...(s 2 -n 2 ) = s 2n + 1 s 



2n+l\ 

2n+l ~(l 2 +...+n 2 )/s 2 _ 2n+l.-n(n+l)(2n+l)/6s 2 2n+l -n 3 /3s 2 




Finally, taking into account that |(/, e s )| < Ce _i ' s ' and 

n 

P 2 n+i(A fc ) =Y[(k-i) = (-l) n ~ k (n + k)\(n - k)\, \k\ < n 

i=—n 
i^k 
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and putting 5 = a + 5±, where a = (6cq + 2)/3cq, Si > we have 
1 



J2 A 2 n + i(A s )|(/,e s )| 2 



\s\>n 
< 



(A. - A fc ) 2 
2C 2 



™ s An+2 e -2n 3 /3s 2 e -2Ss 



< 



((n + k)\(n — 


k)\f 


2C 2 




((n + k)\(n — 


k)\f 


2C 2 




((n + fc)!(n — 


k)\) 2 


2C 2 





< 



s=n+l 



{s-k) 2 

,4n^-2ri 3 /3s 2 ^-2crs^ 5 e 

^ (s-fc) ; 

s=n+l v ' 

s=c n ' (s — fc) 2 
s=n+l v ' 



max s e 



s 4n e -2n 3 /3s 2 e -2as 



n + k)\(n-k)\y 
2C 2 n 4n e~ 4n 



^n e -2n/34 e -2ac n ^ 



x s 2 e- 25 ^ 



n+l v ' 



1 



-5i (n+l) 



(n + k)\(n - k)\) 2 (n + 1 - k) 2 1 - e~* VA 
From here it follows that for each fixed k 

1 ^ + i(A s )|(/,e,)| 2 = ^ 



lim ■ 

™A 2 n + l(A fc ) 



|s|>n 



(A s — Afc) z 



i.e. condition 2° of Theorem 2 holds. 



□ 



Remark 3. Theorem 3 shows that the function f{x) satisfying the conditions of 
this theorem is a cyclic vector for the self-adjoint operator A generated in the space 
L 2 (— 7r, 7r) by the boundary value problem 

iy = Xy, 
y(-n) = y(n). 

Let us show that an infinitely differentiable finite function <^(x) with support 
suppy^x) C [— 7i, 7r] is not a cyclic vector for the operator A. Assume the contrary, 
i.e., assume that such a function is a cyclic vector for the operator A. 

Consider the Fourier transform of the function tp(x): 



$(A) = / ip(x)e~ lXx dx 



It is known (see, e.g., P, p. 22]) that the function $(A) has an infinite number of 
zeros. Let Aq be a zero of this function: 



V (x)e' iX ° x dx = 0. 
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Integrating by parts we obtain 

J (x)e- iXoX dx = 0, j = 0, 1, 2, ... . 

— TT 

But this is impossible since by assumption the system of functions {ip^ (x)}^^ is 
complete in the space L 2 (— 7r,7r). 
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